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Abstract 

Tractor Calculus is a powerful tool for analyzing Weyl invariance; al- 
though fundamentally linked to the Cartan connection, it may also be 
arrived at geometrically by viewing a conformal manifold as the space 
of null rays in a Lorentzian ambient space. For dimension d confor- 
mally flat manifolds we show that the {d + 2)-dimensional Fefferman- 
Graham ambient space corresponds to the momentum space of a mass- 
less scalar field. Hence on the one hand the null cone parameterizes 
physical momentum excitations, while on the other hand, null rays cor- 
respond to points in the underlying conformal manifold. This allows 
us to identify a fundamental set of tractor operators with the genera- 
tors of conformal symmetries of a scalar field theory in a momentum 
representation. Moreover, these constitute the minimal representation 
of the non-compact conformal Lie symmetry algebra of the scalar field 
with Kostant-Kirillov dimension d+1. Relaxing the conformally flat 
requirement, we find that while the conformal Lie algebra of tractor 
operators is deformed by curvature corrections, higher relations in the 
enveloping algebra corresponding to the minimal representation per- 
sist. We also discuss potential applications of these results to physics 
and conformal geometry. 



1 Introduction 



The massless wave equation is ubiquitous in both Physics and Mathematics. 
In this Article we point out yet another role for this equation in spaces 
of metric signature {p — l,q — 1): (in a suitably flat setting) its solution 
space describes the conformal geometry of pseudo-Riemannian manifolds of 
signature (p — 2, g — 2). The key idea is that solutions to the fiat space wave 
equations on R^"^'''"^ are parameterized by lightlike momenta. In this picture 
the space of all possible "off-shell" momenta corresponds to the ambient space 
of a (i = (p + g — 4)-dimensional conformal manifold; the latter can be viewed 
as the space of lightlike rays in a certain null hypersurface. Although our 
results hold in any signature p,q > 1 (with p + g > 5), we set (p, g) = 
{d + 2, 2) for simplicity of exposition; we leave it as an exercise for the reader 
to make the minor adjustments to recover other signatures. We will call the 
space hosting the scalar wave equation the "dual ambient space" . 

The duality that we study in this paper is defined via Fourier transform. 
An important feature of this construction are the symmetries following from 
the dual ambient conformal group S0{d+2, 2). It is well known that solutions 
to the scalar wave equation form an irreducible unitary representation of 
this group. In fact, a recent study by Kobayashi and 0rsted [1] gives an 
explicit construction of the intertwiner by Fourier transform of the reducible 
SO{d + 2,2) representation on the dual ambient space. The restriction of 
which recovers an irreducible one on the ambient lightcone and they identify 
it (for d > 4) as the minimal representation (see [21 [3]). This idea of studying 
conformal symmetry by looking at spaces of two higher dimensions dates back 
to Dirac [3] , but the additional Fourier duality gives a great deal of geometric 
information. 

In this Article, the differential generators of 3o{d + 2, 2) acting on the dual 
ambient space will be shown to play a distinguished geometric role once inter- 
twined to act on the ambient lightcone. The relevant geometry is described 
by the tractor calculus for conformal manifolds of [5],|6]. Central to the trac- 
tor calculus, is a basic set of differential operators that were constructed at 
first in an apparently ad hoc way in O El [3 |Bj . In fact, these are strongly 
linked to representation theory and collectively arise from the fundamental 
derivative found in [9] ; the latter is a first order differential operator with uni- 
versal properties, existing on a large range of structures. Later, these tractor 
operators were recovered (TUl E] from the Fefferman-Graham (FG) ambient 
manifold [12] associated canonically with any conformal manifold (with di- 
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mension greater than two). Here we show that, at least in the conformally 
flat case, the collection of tractors operators is unified and arises indepen- 
dently from the picture above. In fact they are the differential generators of 
the minimal representation on the lightcone. Therefore, from this point of 
view, their origin is as the generators of the dual ambient conformal group. 
This relationship is expressed by the intertwiner by Fourier transform. It 
follows that, in the conformally fiat setting, the tractor operators (see (IT^ ) 
obey an 5o{d + 2,2) algebra (see ([9])). Moreover, the underlying minimal 
representation carries further geometric information in the form of quadratic 
relations among tractor operators. Returning to generally curved conformal 
manifolds, the so{d+2, 2) Lie algebra structure is deformed to reflect the cur- 
vature of the ambient manifold. Remarkably, we show that these quadratic 
relations continue to hold, and encode the key identities obeyed by the trac- 
tor operators themselves. Although these identities were known previously, 
this new derivation provides a structure explaining why these identities exist 
and suggests an obvious extension to other geometric structures. 

The remainder of this Article is organized as follows. We begin by giving 
some key facts about tractors and review the FG ambient metric construction 
for a conformal manifold in Sections [21 [31 Then we introduce the massless 
scalar field theory and its conformal symmetries in Section [H In Section [51 
we establish the relationship between tractor operators and the ambient con- 
formal symmetries. In Section [SI we show how to generalize our results to 
curved ambient spaces and conformal manifolds that are not conformally fiat. 
Potential applications to both physics and conformal geometry are discussed 
in the Conclusions. 

2 Tractors 

Weyl transformations 

gfMu ^ 9fMu = ^'^g^,u , (1) 

are fundamental to both physics and mathematics. In particular, conformal 
geometry is the study of manifolds equipped with a (conformal) equivalence 
class of metrics where the equivalence relation is given hj g ^ ^ if g and ^ 
are related as in (Q, and where fl is any non- vanishing function on the given 
d-dimensional manifold M. 

In pseudo-Riemannian geometry the standard invariant calculus is based 
around the Levi Civita connection determined canonically by the met- 
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ric g^iy. The fundamental local invariant is the Riemannian curvature R^v^n 
and we recall that this decomposes according to 

Rfiupa ^'^fii/pa ^ ppQvcr ^ vpQpcr ^ ^uQup ~)~ ^ ucrQ p.p i 

where W is the completely trace-free part of the curvature R and P is the 
Schouten tensor. Descending to the equivalence class of metrics of conformal 
geometry there is no satisfactory conformally invariant connection on the 
tangent bundle and this frustrates naive attempts to construct well defined 
natural equations and invariants. On the other hand, in dimensions d > 3 
(and we make this restriction throughout) there is a conformally invariant 
connection on a bundle of rank d + 2 which extends the tangent bundle. 
In a metric scale this (standard) tractor bundle, denoted S^'^ (in a Penrose 
notation), is simply a direct sum of the tangent bundle with two copies of 
the trivial bundle and the tractor connection is given explicitly by 
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where T"*" and T~ are functions while is a tangent vector field. This 
connection is equivalent to the normal Cartan connection of [13] , see [9] , but 
the first construction and use of it as here was (independently) by Thomas [5] . 

The connection preserves a conformally invariant tractor metric Hmn 
(of signature (d + 1, 1) for Riemannian conformal geometry) which is given 
as a quadratric form on T^^ by the formula HmnT^^T^ = 2T^T~ + T"^Tm- 
Thus we see some analogies with the pseudo-Riemannian calculus. However 
observe that the tractor covariant derivative of , viz. D^T^'^ is a mixed 
1-form-tractor and so the route to higher derivatives, captured in some con- 
formally invariant way, is not immediately clear. Solving this in general turns 
out to be rather subtle and this is one of the key applications of tractor cal- 
culus. This point of view has its origins in [5] and was rediscovered and 
developed significantly in P [HI El HU |TU] . It first appeared in a physics con- 
text in the supergravity-motivated study of conformal gravity [13] and these 
ideas have also been applied recently to show how Weyl invariance underlies 
the origins of mass in particle equations [151 [IB] • Among these [6l IHl [TOl [15] , 
for example, give background for details of the calculations described. 

Part of the solution, to the alluded problem, involves a collection of con- 
formally invariant differential operators that can be iterated without moving 
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out of the tractor framework and these are the subject of the current Article. 
Before we describe these, some notation is required. We will often work with 
tractor bundles with (or "twisted by" ) a conformal weight which may be de- 
noted w. We write ^^^''^[w] for the weight w tractor bundle. Weighted tensor 
powers of the standard tractor bundle are denoted S^^^^^[w] and accord- 
ingly with (■ ■ ■ ) and [• • ■] denoting symmetrization and antisymmetrization, 
respectively. So with this notation the key tractor-valued operators of our 
focus act as follows: 
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The first of these is defined by multiplication by the canonical tractor X*^. 
The Thomas-D-operator D'^ and double-D operator _D*^^ are defined in the 
standard way. To this set of tractor operators, it will be important to add 
the operator whose eigenvectors are tractors of definite weight and eigenvalue 
is the weight. The operators in can also be expressed explicitly in terms 
of the tractor connection for a given choice of metric as 
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(4) 

That they map objects covariant under tractor gauge transformations to 
objects with the same covariance can be checked by explicit calculation but 
also follows from general principles [5]. More importantly, their extensive 
practical applicability to constructing Weyl invariants and covariants, as well 
as physical theories from first principles, is clear [HI [TTl [T71 [151 IIS] • 



3 The Conformal Ambient Metric Construc- 
tion 

A useful way to view a d- dimensional conformal manifold (M, [gfj,u]) is as 
the space of rays in a (rf + l)-dimensional null hypersurface Q in a (d + 2)- 
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dimensional Riemannian ambient space {M ^Hmn)- More precisely — special- 
izing to the conformally fiat case — consider the ambient space M = 
with the standard flat Lorentzian metric 

This metric enjoys a hypersurface orthogonal homothety 
operatoi0 

w = ^'^^-gj^ ' £^ds = 2ds . 
The zero locus of the homothetic potential 

defines the null cone Q. H is the defining function for the cone Q. The space 
of null rays in Q, viz., solutions to H = subject to the equivalence 
relation 

is {d+ l)-dimensional and may be identified with the conformal manifold M. 
This is depicted in Figured] We may obtain the conformal class of metrics as 
follows: Let denote a section of the null cone Q. The ambient metric 

pulls back to a metric ds"^ = d^^d^M on the submanifold. Identifying this 
submanifold with M yields a metric ds^ on M. Choosing a different section 
results in a conformally related metric. For example, in the conformally fiat 
setting, the sphere, fiat and hyperbolic metrics all inhabit the same conformal 
class. In the ambient picture they correspond to slicing the cone horizontally, 
diagonally and vertically, respectively. This is depicted in Figure [2j 

We will obtain the tractor operators in this ambient picture by reinterpret- 
ing the null cone Q as the space of massless excitations for a scalar field. In 
more mundane language, we propose interpreting Q as the onshell lightcone 
for a scalar field. In particular, in this picture, the ambient coordinates X^ 
must be viewed as momenta. Before studying scalar fields, however, let us 
briefly indicate the ambient origin of the tractor connection T>^: Firstly ob- 
serve that the Lorentz group G = SOo{d + l, 1) acts naturally on the ambient 
space M = R"^"*"^'^. Then pick any future lightlike ray ^ in M and call its 

^We use £ to denote the Lie derivative. 



given by the Euler 
(5) 
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Figure 1: The sphere reahzed as rays ^ of the cone Q in the ambient space M. 

stabihzer P. The coset G/P is exactly the sphere M. Indeed, this is the clas- 
sical model for the sphere equipped with a conformally flat structure. The 
Maurer-Cartan form on G is so{d+ 1, l)-valued so when pulled back from G 
to M = G/P, it defines a so{d + 1, 1) Yang-Mills connection. This connec- 
tion is precisely the tractor connection. Its equivalent parallel transport is 
that arising from ambient pseudo- Euclidean parallel transport. 

4 Ambient Scalar Fields 

Unitary representations for non-compact forms of orthogonal groups are nec- 
essarily infinite dimensional. There is however a notion of Gel'fand-Kirillov 
dimension [3l [1] associated with the number of independent variables for 
unitary representations on function spaces and in turn representations that 
are in this sense minimal [IB]. For orthogonal groups 0{p,q), the minimal 
unitary representation is shown to be related to the space of zero modes of 
the ultrahyperbolic Laplace operator on M^'"^'''"^ [21 [I]. This setting is of 
course a familiar one in physics, namely a free massless scalar field in a fiat 
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Figure 2: The sphere, flat space and hyperbohc space obtained from slices of 
the cone Q. 
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background — essentially the simplest quantum field theory possible. Here 
we sketch physical aspects of this construction of the minimal unitary rep- 
resentation of 0{d + 2,2) in order to develop the intuition needed for our 
construction of a symmetry algebra for tractor operators. (We have chosen 
this particular signature so that our underlying conformal manifold will be 
Riemannian. Our results extend immediately to conformal manifolds of any 
metric signature, however.) Consider therefore a scalar field ^{Y) in flat 
]^c(+i,i ^j^]^ local coordinates F^^. For reasons which will become clear, we 
call this space the dual ambient space. Let the dynamics of this scalar field 
be governed by the action principle 

^ - 2 7 ^ dY^^"^ dY^- 

This action is invariant under so{d + 2,2) rigid symmetry transformations 
corresponding to the conformal Killing vectors 

r) 

IPm = QyM (translations) 
^ = ^^'gYM (dilations) = ^M-^yj^ - Y^-^yj^ (rotations) 

iKM = -TYmD + Y^Yn (conformal boosts) . (7) 

Invariance of the action ([6]) is achieved by transformations of $ with a con- 
formal weight ~d/2 generated by 

6x^ = £x^ + ^ax^, (8) 

where X stands for any of the vectors and the function ax = {d + 
2)~^divX so that £xds^ = 2axds'^. In particular an = 1 and = 2iYM- 
The operators Sx in (IHI) acting on scalars generate a (reducible) represen- 
tation of so{d -f- 2, 2). Explicitly the non- vanishing Lie brackets of the above 
vector fields are 

[Mmn, Mjis] = VnrMms - VmrMns - VnsMmr + VmsMnr , 

[D, Pm] = -Pm , [D, Km] = Km , 

[Mmn, Pr] = 2PiMr]N]R , [Mmn, Kn] = 2K[M'nN]R , 
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[Pm ,Kn] = 2riMND - 2Mmn • (9) 

Our aim is to relate the operators £x + f to tractor operators. This 
involves identifying the generators of the conformal isometry group SO{d + 
2, 2) of the dual ambient space with tractor operators on an ambient space M. 
However, it is important to already stress that the M'^"'"^'^ dual ambient space 
on which our scalar field theory lives is not the ambient manifold M but rather 
will be related to it by a Fourier transformation. To study this relationship 
we first solve the classical field theory defined by (Q. 
The field equation implied by the action 

A<l> = 0, (10) 

may be solved by Fourier transform 

^(^) = / "^'^l^^yif^ eM^XMY"^) ^{X) , (11) 

whose integrand has delta function support on the light cone Q. This map- 
ping between solutions to the ultrahyperbolic wave equation (fTOj) and dis- 
tributions supported on the null cone Q with defining function H = ^X'^ 
is constructed in detail in [T]. Since our main focus is identifying the im- 
age of the conformal ambient so{d + 2,2) differential generators under the 
Fourier intertwiner ffTTl) . we shall avoid a detailed discussion of the function 
spaces involved. Physically the set of variables {X^) is interpreted as an 
1.1 -valued momentum. We advocate identifying this momentum space 
with the ambient manifold M. By including the S distribution explicitly we 
execute a truncation of f{X). Even though only values of f{X) along the 
cone are important for the integral, to recover calculus with ambient con- 
tent we shall impose the condition that smooth if{X) on the cone are also 
extended off smoothly; that is we take <f{X) to be smooth on the ambient 
space. In particular the solution space may be viewed as an equivalence class 
of functions 

^{X)r^if{X) + HaX), (12) 

for a suitable class of functions ^{X). For our purposes, smooth functions 
suffice. 

The Fourier transform ffTTl) is an intertwiner between so{d+2, 2) represen- 
tations. Acting on arbitrary functions of M (regardless of their support away 
from Q) it is simple to compute the differential representation of so{d + 2, 2) 
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using the usual correspondence under Fourier transforms ^ id/ OXm and 
d/dY^ — > iX^'^ . The resulting operators are not vector fields on M (save 
for the rotations Mmn) but, necessarily, obey the so{d + 2,2) Lie algebra. 
Also, they are not quite the operators we need. Instead we are interested in 
what becomes of the symmetry operators £x + fax when passed through 
the intertwiner (fTTj) . including the delta function so that they act on 

the physical moduli ^{X). In this simple fiat setting, this computation can 
be done explicitly by actually performing the delta function integration. To 
contrast them from their underlying Killing vectors (171), we denote these in- 
tertwined symmetry generators in bold face and find the following operators 
agree with the action of the conformal Killing symmetry operators 

° " ~^^^dX^ " ^^^^ " ^*^a^ ~ ^^~dX^ 

Km = -2D^^ - ^M^^ . (13) 

An important consequence of the symmetries (IHl) is that dual ambient space 
conformal transformations map solutions of (fTOl) to solutions. Working to 
the right of the Dirac distribution (as a multiplication operator) for consi- 
tency with our point of view above we require image operators that respect 
the equivalence relation fll2p . To see this explicitly for the operators pro- 
posed, we compute the commutators of the generators (IT^ with the defining 
function if, the non-vanishing results are 

\D,E\ = -2E, %^,E\=mdM. (14) 

Hence if ~ under f[T^ , then X(y9 ~ for X equaling any of the genera- 
tors ffT^ . This was noted by [TT] where it was proven that the operators ffTSl) 
act tangentially to the cone defined by H. Here we see that this result enables 
natural ambient extensions of the Fourier duals to the conformal symmetries 
of the massless scalar field theory ([6]). Before recasting this physical theory 
in terms of tractors and conformal geometry, we briefiy discuss the minimal 
representation and some of its consequences. 

4.1 The Minimal Representation 

Our computation began with off-shell massless scalar fields $(1^) — functions 
of (i + 2 variables — on which the group S'0((i + 2, 2) acts by conformal trans- 
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formations ([H])- This is not an irreducible representation but instead closely 
related to one. The Fourier transform (1111) yields a representation on on-shell 
massless fields in momentum space given by f|T3|) . As is well known in a phys- 
ical setting, this is a unitary and irreducible representation of SO{d + 2, 2). 
Indeed, as shown in [1], this is the minimal representation of 50(^ + 2, 2) (for 
d > A) and the number of variables required to coordinatize the cone Q is its 
Kostant-Kirillov dimension d+1. The Fourier transform is the intertwiner 
between these representations. 

The minimal representation admits a set of quadratic relations in the 
universal enveloping algebra U{so{d + 2,2)) which imply important tractor 
identities in a conformal geometry setting. One may characterize represen- 
tations by relations among generators in the universal enveloping algebra. 
Consider, therefore, the matrix of so{d + 2, 2) symmetry generators 



J 
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\ 
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M 



In particular, notice that 



trJ^ 







MmjvM^^'^ + 2D"-P^''^K 
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MMiV 
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D 



M 



M 



is the quadratic Casimir. In fact, for the representation (IT^ it obeys 



tr J2 = — d(d + 4) , 



(15) 



a constant, as is necessarily the case for an irreducible representation. How- 
ever, we can search for even stronger relations by computing and find, 

(J + l)(J + rf/2) = mod if, (16) 

I.e., the right hand side vanishes on the cone Q in the sense of ( |T2l) . Explicitly, 
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this implies the following relations 



PmP'' = 0, 
PM(D + rf/2)-P^M^M = 0, 
-\ PmK^v + Mm^M^^ - \ KmPtv - (1 + d/2) Mmn + d/2 ijmn = , 
(D + l)(D + rf/2)-iP;vK^ = 0, 

{T> + d/2)KM-MMNK^ = 0, 

K^Km = 0. (17) 

These relations all have tractor theoretic interpretations which we will ana- 
lyze in the next Section. 

5 Tractors and the Ambient Conformal Group 

In [TOl [TT] it is shown that the tractor operators ([3]) may be recovered from 
(curved versions of) the ambient operators (fT3!) . The latter act on ambient 
functions ^p{X). However, if we impose both the equivalence relation (fT2l) 
and the homogeneity condition 

it follows that (/? is a section of S[w], i.e., a weight w scalar field on M. 
Moreover, since the ambient operators (fT3|) are homogeneous and tangential, 
they descend to well-defined operators acting on weighted tractor bundles 
over M, as listed in ([3]). We refer to [H] for details where it is also shown, in 
an obvious way, that the same property extends to arbitrary tractor tensors. 

Therefore, in the conformally fiat context, we have established that the 
tractor operators are the generators of the dual ambient conformal group 
so{d+2, 2) in a momentum representation. This dictionary between geometry 
and physics is summarized in Table [31 

Next we explain how to read the minimal representation theoretic rela- 
tions (ITTI) as relations on tractor identities. Firstly, the canonical tractor 
and Thomas operator Z)^'^ are both null. Let us suppose these operators are 
acting on functions of conformal weight w. Therefore D acts as multiplication 
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Figure 3: 

by —w — I and the Thomas operator becomes 

DM = {d + 2w- 2)dM - XMdNd"" , 

in agreement with the results of [TT]. Moreover it follows from fll7l) that the 
top slot of the Thomas operator is given by 

XmD^^ = w{d + 2w-2), 

which agrees with ([2]). From the third identity in (1171) we recover the formula 
relating the product of double-D operators to the Thomas operator itself [TJIH] 

-D(A/'^-D|/j|7V)o = Xi^mDn)o , 

where (■ ■ ■ )o denotes trace- free symmetrization with unit weight. Other sim- 
ple yet useful identities, which all follow from f|T7|) include 

X^'Dmn = wXm , DmnD"" = -{w - 1)Dm • 

Moreover, it should be kept in mind that the operators {Pm, D, Mmn, Km} 
only obey the so{d + 2, 2) Lie algebra (Q when the ambient space is flat. For 
curved ambient spaces and therefore general conformal manifolds, this is no 
longer the case. This is the subject of the next Section. 

6 Curved Ambient Spaces 

In this Section we sketch the curved ambient construction of the tractor op- 
erators [m |T0] generalizing those above. We will then show that although a 
non- vanishing ambient curvature deforms the so{d + 2,2) algebra obeyed in 
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the flat ambient case, the quadratic relations fll7l) of the minimal represen- 
tation persist. 

A conformal structure on M determines an FG ambient metric which ad- 
mits a hypersurface orthogonal homothety. In the flat case this homothety 
is generated by the Euler vector fleld. In the curved ambient construction, 
the corresponding homothetic vector fleld will be denoted by X and its com- 
ponents (which are not generally coordinates). The key identity is then 
the equation 

huN = ^mXn , 

where h is the ambient metric and V is its Levi-Civita covariant derivative. 
This implies the homothetic conformal Killing equation 

£xh = 2h . 

It follows that the one-form dual to X is closed 

V[A/XAr] = , 

and in fact exact ^ 

Clearly, the ambient metric is the double gradient of the homothetic potential 
H = \X\ 

huN = ^mOnH . 

The zero locus of the potential H deflnes the cone Q, a quotient of which 
recovers the conformal manifold M. Observe that the above identities for 
the ambient metric Hmn imply that 

X^Rmnrs = = (X'^Vt + 2)Rmn^s ■ (18) 

To establish a Rosetta Stone between ambient space operators and the tractor 
operators on the conformal manifold, our prescription is to flrst replace 
partial derivatives by covariant ones and coordinates by the components of 
the homothety X (and then use [ID])- This gives the following dictionary for 
curved ambient generalizations of the conformal generators 

M^fAf ^ Dmn = 2 X[m'^n] 5 
Pm ^ , Km ^ Dm = 2 (X^ V,v + d/2) Vm - Xm A , 
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(19) 

Here, just as in ([3]), Xm acts as a multiplication operator. Importantly these 
operators act on sections of the tensor bundle on M. 

These operators are rather remarkable in the sense that the quadratic re- 
lations fll7p imposed on lA{so{d+2, 2)) by the minimal representation are still 
valid even though they do not, in general, obey the so((i + 2, 2) dual ambient 
conformal algebra. To see this, we first note that by virtue of the definition 
of the ambient metric, the symbols Xm, Va/ and huN obey the same algebra 
as their flat counterparts Xm (viewed as coordinates). Dm and timn 

except that covariant derivatives no longer commute 

V[M Vat] = -Rmn ■ 

The multiplicative operator rL denotes the usual matrix action of the 

Riemann tensor (for example rI^j^V^ = Rmn^sV^)- 

Now, using the identity X-rL = 0, it is not difficuh to verify that 

all the quadratic relations in (|T71) hold modulo X^. Moreover the quadratic 
Casimir continues to obey ( fTSl) . That leaves us only deformations of the Lie 
algebra itself, the non-vanishing ones are 

u 

[Dmn, Drs] — 4 h[N[RDM]s] = 4 Xj/jXjm-Rtvis] ' 
[Dmn, Dr] — 2hRi^NDM] = 2XrrI^^ + 2X[MRjf]R{d + 2X.V — 2) 

-2XrX^m[Rn\s^ + V R^^s) , 

[Dm^Dn] = (i?L(d+2X.V-4)+2X[M(V^i?|]^+i?|j^V^)) {d+2X.V-2). 

(20) 

(Here the right hand sides should be read as operator expressions and X.V = 
X^Vat.) Again, these relations are computed modulo X^, while tensors of a 
given weight w on M correspond to eigenfunctions of X.V with eigenvalue w. 
In particular, note that Thomas D-operators commute on objects with weight 
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w = 1 — d/2, in accordance with its interpretation as the Yamabe operator 
in that case (see ([3])). 

Since the left hand sides of fl20|) are tangential, so too are the right hand 
sides, although this is not manifest in the form given above. To manifest 
tangentiality consider, for example, the third formula (which was previously 
given in and [TH]) and firstly replace X.V with w acting on weight w 

tensors. Moreover, using and it follows that {d + 2w -2)rIjj^V^ = 

R^j^^j^D^ . Furthermore, the FG ambient metric is formally Ricci flat in any 
odd dimension (to all orders), and Ricci flat to finite order in the defining 
function H in even dimensions greater than four. Orchestrating these facts 
we obtain the simpler rewriting of the commutator of Thomas-D operators 



[Dm, Dr,] = {d + 2w- A)r\,^ + AX^mR^rD 



R 



(21) 



This identity is valid in dimensions other than four and is fundamental in 
the sense that the other tractor commutators can be derived from it. 

To summarize, we have recovered the usual curved tractor algebra along 
with a new interpretation in terms of the ambient conformal algebra (and its 
deformation). In particular the so{d + 2, 2) generator- valued matrix 



J 



[ w + d/2 -^^ Xm 
Dn 



1 

V2 



V2 

Dmn 



\ 











\ 



1 



X 



N 



-w-d/2 J 



obeys 



{J +1){J + d/2)={] modH and trJ^ 



-- d{d + 4). 



This implies that even though the so{d+2, 2) algebra is deformed, the defining 
relations ( |T7|) of the minimal representation are maintained. 



7 Conclusions 

In this Article we have established a relationship between ambient tractor 
operators and symmetries of a physical quantum field theory. There are 
many possible implications. Firstly, in another direction, tractors in their 
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application to Weyl invariance can be used to formulate massive and mass- 
less theories within a single Weyl invariant framework [13 [IS]- From this 
we find that Weyl invariance as a fundamental principle for constructing 
physical theories yields interesting consequences. In particular, masses turn 
out to be tractor weights and very general Breitenlohner-Freedman stability 
bounds [201 EI] follow directly. The fusion of that work with the direction 
of this Article should shed further light on the meaning of mass. In the 
broader picture our results here point at a relationship between conformal 
field theories and theories in two higher dimensions, albeit in a dual Fourier 
transformed space. It is natural to speculate whether such a relationship 
may capture aspects of the AdS/CFT correspondence [22] as a special case. 

From the physical standpoint, our model describes new structure on the 
geometry of the moduli space of physical excitations for scalar fields. Since 
the physical lightcone and its accompanying ambient space have a natural 
curved generalization, one wonders whether this may describe interactions. 
In particular, renormalization will generate additional momentum depen- 
dence of the effective action for an interacting scalar field. From this point 
of view, therefore, a curved momentum space is most interesting. A study of 
the map between curved ambient spaces and their underlying configuration 
space theories is underway [23]. In fact theories with a curved momentum 
space have been considered before, an example is Snyder's non-commutative, 
yet Lorentz covariant geometry which is based upon a de Sitter momentum 
space [23]. Interestingly a "Snyderspace" , the supersymmetrization of Sny- 
der's model also exists |25j, which hints that a "supertractor" theory may be 
important. Since the gauging of space time algebras technology of [26] also 
extends to super algebras, such a theory certainly exists. 

There are many obvious extensions and mathematical applications of the 
results obtained. The tractor operators f[T5]) form the basic tools for the the- 
ory of conformal invariants developed in ^ ; that reference is concerned with 
constructing conformal invariants of a general conformal manifold. While in 
low dimensions this gives a near complete answer, significant gaps remain in 
high even dimensions. The results in this Article suggest the exciting possi- 
bility that, for dimension d conformal geometry, the invariant theory might 
in fact be best described via so{d + 2, 2) representation theory. 

Another interesting observation, is that generic weight tractors can be 
extended harmonically away from the cone. From the dual ambient picture, 
harmonic objects correspond to those with support on the dual ambient light- 
cone. Aside from being a useful computational trick, for ambient harmonic 
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tractors the Fourier transform yields a symmetric set-up. Informally, (and 
using delta distributions as integral kernel operators) this is depicted by the 
correspondences 

ker Ay ^ coker 

cokcr ^ kcr Ax • 

This seems particularly interesting when one remembers that an ambient 
harmonic extension corresponds to a collar extension off the boundary of 
a Poincare-Einstein manifold, which is obviously relevant to the AdS/CFT 
correspondence. 

On the side of extensions, an obvious direction is to exploit the ideas 
here for other structures. However since a rich picture has emerged from 
(essentially) the simplest field equations it seems a first step will be to explore 
the ambient interpretation of other equations on the dual ambient space. 
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